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Painlev\’e , , Painlev\’e
6 2 . Painlev\’e
, .
(1) Painlev\’e – $[1, 2]$ .




$\bullet$ Painlev\’e B\"acklund , $\mathrm{B}\ddot{\mathrm{a}}\mathrm{c}\mathrm{k}1_{\mathrm{t}\mathrm{t}}\mathrm{n}\mathrm{d}$ Affine Weyl .
. Okamoto Painlev\’e B\"acklund Toda




( ) . (1.1) $\alpha=N\in \mathbb{Z}$
,
$y= \frac{d}{dt}\log\frac{\rho_{N+1}}{\rho_{N}}$ , $\rho_{N}=\det(\frac{d^{i+j-2}}{dt^{i+j-2}}f)_{1\leq}i,j\leq N$ ’ (1.2)
$\frac{d^{2}}{dt^{2}}f=2tf$ , (1.3)
. (1.3) Airy . , (1.1) , Airy
, – $\log$ ,
. , PIII, PIV, Pv
.
$\bullet$ Painlev\’e $\sqrt$ .
.
, , .
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$\bullet$ , Affine Weyl .
( )
$\bullet$ $\log$ .
, ( , ) Yablonskii, Vorob’ev,
Okamoto, Umemura, Noumi, Okada , Umemura, Okamoto, Noumi,
Okada – $[7, 8]$ . ,
. ,
. , Painlev\’e
, $\mathrm{K}\mathrm{P}$ hierarchy Schur
.
, Painlev\’e Schur .
, Painlev\’e VI .
2 Painlev\’e
2.1 Schur
$Y$ $(i_{N}, i_{N-1}, \cdots, i_{2}, i_{1}),$ $iN>i_{N1}->\cdots>i_{1}>0$ Young ,
Schur $t=(t_{1}, t_{2}, t\mathrm{s}, \cdots)$ .
$S_{Y}=$
$p_{i_{N}}$ $p_{i_{N}+1}$ $pi_{N}+N-2$ $P_{\dot{l}_{N}}+N-1$
$p_{i_{N-1^{-1}}}$ $p_{i_{N-1}}$ $p_{i_{N-1}+}N-3$ $p_{i_{N-1}+}N-2$
: : . :. . .
$Pi_{2}-N+2$ $Pi_{2}-N+3$ $p_{i_{2}}$ $Pi_{2}+1$
$P\dot{x}_{1}-N+1$ $pi_{1}-N+2$ $p_{i_{1}-1}$ $p_{i_{1}}$
(2.1)
$\sum_{n=0}^{\infty}p_{n}(t)\lambda^{n}=\exp\sum_{1k=}^{\infty}t_{k}\lambda^{k}$, $p_{n}(t)=0$ for $n<0$ . (2.2)
Schur .
$\bullet$ , $t_{k}$ $k$ , $p_{n}(t)$ $n$
, $S_{Y}(t)$ $i_{1}+\cdots+i_{N}$ .
$\bullet$ $Pn$
$\frac{\partial p_{n}}{\partial t_{k}}=p_{n-k}$ , (2.3)
.
$\bullet$ Schur $\mathrm{K}\mathrm{P}$ hierarchy [9].
KP hierarchy , $t_{k},$ $t_{2k},$ $t_{3k}\cdot$ . .
$k$-reduction . Schur , Young
100
$k$-reduction . , $Y$ $(N, N-1, \cdots, 2,1)$
Young
$S_{Y}=$









$p_{-N+4}$ $p_{-N+5}$ $p_{2}$ $p_{3}$
$p_{-N+2}$ $p_{-N+3}$ $p_{0}$ $p_{1}$
(2.4)








$\sum_{n=0}^{\infty}qn(t)\xi k=\exp(t\xi+\frac{\xi^{3}}{3})$ , $q_{n}=0$ for $n<0$ . (2.7)
$y= \frac{d}{dt}\log\frac{\sigma_{N+1}}{\sigma_{N}}$ , $\alpha=N+\frac{1}{2}$ . (2.8)
(1) $\sigma_{N}$ Yablonskii-Vorob’ev , Schur 2-reduction
























$P3NI-4$ $P3\Lambda I_{-}3$ $P3NI-2$






$\sum_{n=0}^{\infty}p_{n}(x)\lambda^{n}=\exp(x\lambda+\frac{\lambda^{2}}{2})$ , $p_{n}=0$ for $n<0$ . (2.12)
$y= \sqrt{\frac{2}{3}}(\frac{d}{dx}\log\frac{\tau_{M+1}^{N}}{\tau_{M}^{N}}-X)$ , $t=\sqrt{\frac{3}{2}}x$ , $\kappa_{0}=-N-\frac{2}{3}$ , $\theta_{\infty}=M-N-\frac{1}{3}$ , (2.13)
$y= \sqrt{\frac{2}{3}}(\frac{d}{dx}\log\frac{\tau_{M}^{N+1}}{\tau_{\mathit{1}}^{N}I}-x)$ , $t=\sqrt{\frac{3}{2}}x$ , $\kappa_{0}=M+\frac{1}{3}$ , $\theta_{\infty}=N+\frac{2}{3}$ . (2.14)
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(1) $\tau_{\Lambda\prime I}^{N}$ 3-reduced Schur , $\mathrm{K}\mathrm{P}$ hierarchy





Parameter space for PIy
$\kappa_{0}=\alpha_{1}$ , $\theta_{\infty}=-\alpha_{2}$ , $\alpha_{0}+\alpha_{1}+\alpha 2=1$ .
2.4 Painlev\’e 111
Painlev\’e 111
$\frac{d^{2}y}{dt^{2}}=\frac{1}{y}(\frac{dy}{dt})^{2}-\frac{1}{t}\frac{dy}{dt}+\frac{\alpha y^{2}+\beta}{t}+y^{3}-\frac{1}{y}$ , (2.15)
$\alpha=-2\theta_{\infty}$ , $\beta=-2(\theta_{0}+1)$ , (2.16)
[7] [14]. B\"acklund




$\tau_{N}(t;v)=|p_{-N^{-}}..\cdot+2p_{N2}p_{N}$ $p_{-N^{-}+}.\cdot.3p_{N1}p_{N+}1$ . . .
$p_{2N^{-1}}p_{2}Np.\cdot.1^{-3}$ (2.17)
$\sum_{n=0}^{\infty}p_{n}(t;v)\lambda^{n}=(1+\lambda)^{v+1/2}\exp(t\lambda)$ , $p_{n}=0$ for $n<0$ . (2.18)
$y(t)=. \cdot\frac{\tau_{N+1}(t,v)\tau_{N}(t,v-1)}{\tau_{N+1}(t,v-1)\tau_{N}(t,v)}..$
’ (2.19)
$\theta_{\infty}=-v+N+1$ , $\theta_{0}=v+N$. (2.20)
(1) (2.17), (2.18) 2-reduced Schur . , $p_{n}$
$(1+ \lambda)^{v+1/}2(\exp t\lambda)=\exp(_{k}\sum_{1=}^{\infty}t_{k}\lambda^{k})$ , (2.21)
$t_{1}=t+v+ \frac{1}{2}$ , $t_{k}=(-1)^{k+1} \frac{v+1/2}{k}$ for $k\geq 2$ , (2.22)
.




$..\overline{\overline{.}}\ovalbox{\tt\small REJECT}_{\sim}^{-}\simeq\cdot\vee\sim--\sim-=_{-}\overline{\overline{\overline{.-\overline{-}-}\ovalbox{\tt\small REJECT}}}$ alcQVe




$\frac{d^{2}y}{dt^{2}}=(\frac{1}{2y}+\frac{1}{y-1})(\frac{dy}{dt})^{2}-\frac{1}{t}\frac{dy}{dt}+\frac{(y-1)^{2}}{t^{2}}(\alpha y+\frac{\beta}{y})+\frac{\gamma}{t}y-\frac{y(y+1)}{2(y-1)}$ , (2.23)




$p_{N}$ $p_{N+1}$ . . . $p_{2N-1}|$
$\tau_{N}(t;v)=$ , (2.25)
$\sum_{n=0}^{\infty}pn(t;v)\lambda^{n}=(1-\lambda)^{4}v-N-2\exp(\frac{\frac{t}{2}\lambda}{1-\lambda})$ , $p_{n}=0$ for $n<_{\mathrm{T}}0$ . (2.26)
$y(t)=-. \frac{\mathcal{T}_{N+1}(t,v+3/4)\tau_{N}(t\cdot v)}{\tau_{N+1}(t,v+1/4)\tau N(t,v+1/2)}..’$ , (2.27)
$\kappa_{\infty},$ $=-2v+N+1$ , , $\kappa_{0}=2v$
. ’
$\theta=N$ . (2.28)
(1) $p_{n}(t;v)$ Laguerre $L_{n}^{(\alpha)}(- \frac{t}{2}),$ $\alpha=-4v+N+1$ . ,
$(1- \lambda)^{4}v-N-2\exp(\frac{\frac{t}{2}\lambda}{1-\lambda})=\exp\sum_{k=1}^{\infty}(\frac{t}{2}+\frac{-4v+N+2}{k})\lambda^{k}$, (2.29)
, (2.25) 2-reduced Schur
$t_{k}= \frac{t}{2}+\frac{-4v+N+2}{k}$ , (2.30)
.










$\kappa_{\infty}=\alpha_{1}$ , $\kappa_{0}=\alpha_{3}$ , $\theta=\alpha_{2}-\alpha_{0}-1$ , $\alpha_{0}+\alpha_{1}+\alpha_{2}+\alpha 3=1$ , (2.35)
.









. $\mathrm{p}_{\mathrm{V}\mathrm{I}}(3.1)$ , $F(a, b, c;t)$
. , Jacobi $F(-n,$ $p+$





8 \tau - .
$\tau_{2N}^{0}$ $=$ $|[0]_{0}$ $[1]_{0}$ . . . $[N-1]_{0}$ $[1]_{1}$ . . . $[N-1]_{1}$ $[N]_{1}|$ , (32)
$\tau_{2N}^{1}$ $=$ $|[0]_{2}$ $[1]_{2}$ . . . $[N-1]_{2}$ [ $1_{3}$ . . . $[N-1]_{3}$ $[N]_{3}|$ , (33)
$\tau_{2N}^{2}$ $=$ $|[0]_{1}$ $[1]_{1}$ . . . $[N-1]_{1}$ $[0]_{0}$ $[1]_{0}$ . .. $[N-1]_{0}|$ , (34)
$\tau_{2N}^{3}$ $=$ $|[0]_{3}$ [ $1_{3}$ . . . $[N-1]_{3}$ [ $0_{2}$ $[1]_{2}$ .. $[N-1]_{2}|$ , (35)
$\tau_{2N-1}^{0}$ $=$ $|[0]_{0}$ $[1]_{0}$ . . . $[N-1]_{0}$ $[1]_{1}$ . . . $[N-1]_{1}|$ , (36)
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$\tau_{2N-1}^{1}$ $=$ $|[0]_{2}$ $[1]_{2}$ $[N-1]_{2}$ $[1]_{3}$ $[\mathit{1}\mathrm{V}-1]_{3}|$ ,
$\tau_{2N-1}^{2}$ $=$ $|[0]_{1}$ $[1]_{1}$ . . $[N-1]_{1}$ $[0]_{0}$ $[1]_{0}$ . . . $[N-2]_{0}|$ ,









$f_{0}(t)=F(a, b, c;t)$ , $f_{1}(t)=F(a, b+1, c;t)$ ,
$f_{2}(t)= \frac{c-a}{c}F(a, b+1, c+1;t)$ , $f_{3}(t)= \frac{a}{c}F(a+1, b+1, c+1;t)$ ,
(3.12)
. ,
$y= \frac{\tau_{2N^{\mathcal{T}}}^{2}2N-11}{\tau_{2N}^{3}\tau_{2N-1}0}$ , (3.13)
, $\mathrm{p}_{\mathrm{V}\mathrm{I}}(3.1)$ . ,
$\kappa_{\infty}=b+N$, $\kappa_{0}=a-c+N$, $\kappa_{1}=-b+c+N-1$ , $\theta=-a+N$, (3.14)
. ,
$y= \frac{\tau_{2N1^{\mathcal{T}}2}^{21}+N}{\mathcal{T}_{2N1}^{3}\tau^{0},+2N}$, (3.15)
, $\mathrm{p}_{\mathrm{V}\mathrm{I}}(3.1)$ . ,
$\kappa_{\infty}=a+N$ , $\kappa_{0}--b-C+N+1$ , $\kappa_{1}=c-a+N$ , $\theta=-b+N$, (3.16)
. 1




Painlev\’e $\mathrm{p}_{\mathrm{V}\mathrm{I}}$ , Pv, $\mathrm{P}_{\mathrm{I}\mathrm{V}},$ $\cdots$ .
, , $\inarrow 0$ [17].
(1) $\mathrm{P}_{\mathrm{V}\mathrm{I}^{arrow}}\mathrm{P}_{\mathrm{V}}$:
$tarrow 1-\in t$ , $\kappa_{1}arrow \mathcal{E}^{-1}+\theta+1$ , $\thetaarrow-\in-1$ . (4.1)
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(2) $\mathrm{p}_{\mathrm{V}}arrow \mathrm{P}_{\mathrm{I}\mathrm{v}:}$
$tarrow \mathit{6}^{-2}(1+\overline{\mathrm{C}}\sqrt{2}t)$ , $y arrow\in\frac{y}{\sqrt{2}}$ , $\kappa_{\infty}arrow-\Xi^{-2}$ , $\thetaarrow\Xi^{-2}+2\theta_{\infty}-\kappa_{0}$ . (4.2)
(3) $\mathrm{P}_{^{arrow}}\mathrm{P}_{\mathrm{I}\mathrm{I}\mathrm{I}}$: , 2 . ,
$t arrow\frac{1}{2}\in t$ , $yarrow 1+\in y$ , $\kappa_{\infty}arrow-\frac{1}{2}\overline{\mathrm{c}}^{-1}+\theta_{\infty}$ , $\kappa_{0}arrow\frac{1}{2}\epsilon^{-1}$ , $\thetaarrow\theta_{0}$ , (4.3)
, $\inarrow 0$ ,
$yarrow ty$ , $tarrow t^{2}$ , (4.4)
.
(4) $\mathrm{P}_{\mathrm{I}\mathrm{v}}arrow \mathrm{P}\mathrm{I}\mathrm{I}$:
$tarrow-\epsilon^{-3}(1+\in^{4}t)’$. $yarrow\in-3(1-\sim Fy)2$ , $\kappa_{0}arrow\frac{1}{2}\epsilon^{-6}$ , $\theta_{\infty}arrow\alpha$ . (4.5)
(5) $\mathrm{P}_{\mathrm{I}\mathrm{I}\mathrm{I}}arrow \mathrm{P}_{\mathrm{I}\mathrm{I}}$:
$tarrow\epsilon^{-3}(1-\epsilon t2)$ , $yarrow 1-\epsilon y$ , $\theta_{0}arrow-\epsilon^{-3}+2\alpha$ , $\theta_{\infty}.arrow\epsilon^{-3}$ . (4.6)
, $E$ , .
PVI : $E= \frac{1}{2}(\kappa_{\infty}+\kappa_{0+}\kappa 1+\theta-1)$ , (4.7)
$\mathrm{p}_{\mathrm{V}}$ : $E= \frac{1}{2}(\kappa_{\infty}+\kappa 0+\theta)$ , (4.8)
$\mathrm{p}_{\mathrm{I}\mathrm{V}}$ : $E=\theta_{\infty}$ , (4.9)
$\mathrm{p}_{\mathrm{I}\mathrm{I}\mathrm{I}}$ : $E= \frac{1}{2}(\theta_{\infty}+\theta_{0})$ , (4.10)
PII : $E=\alpha$ . (4.11)
, , ?
, $\mathrm{p}_{\mathrm{I}\mathrm{V}}$ PII, Pv PIII
. , $E$ , Pv PIV .




: : .. :. .
$\overline{p}_{-N+2}$ $\overline{p}_{-N+3}$ $\overline{p}_{1}$
, (4.12)
$\sum_{k=0}^{\infty}\overline{p}_{k}(t;v)\lambda^{k}=(1+\lambda)^{v+1/2}\exp(t\lambda+\frac{v}{2}\lambda^{2})$ , $\overline{p}_{k}=0$ for $k<0$ . (4.13)
(4.6) ,
$tarrow\Xi^{-3}(1-\in^{2}t)$ , $v=-\mathcal{E}^{-3}+N+1$ , (4.14)
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, $\lambda=-\in\xi,\overline{q}_{k}=(-\in)_{\overline{P}k}^{k}(k>0)$ , (4.13)
$\sum_{k=0}^{\infty}\overline{q}k(t;v)\xi^{k}=\exp[(t\xi+\frac{\xi^{3}}{3})+\hat{\mathrm{c}}(-\frac{\xi}{2}+\frac{\xi^{4}}{4})+O(\epsilon^{2})]$ , (4.15)
. , (2.7) ,
$\overline{q}_{k}(t;v)=qk(t)+\in[-\frac{1}{2}q_{k-1}(t)+\frac{1}{4}q_{k-4}(t)]+O(\in^{2})$ , for $k>0$ , (4.16)
. , $\inarrow 0$ , $\tau$- (2.17) (2.6)









. , $(4.16),(4.17)$ 3 $\kappa_{N}$ .
,
$. \frac{\tau_{N+1}(t,v)\tau_{N}(t,v-1)}{\mathcal{T}_{N+1}(t,v-1)_{\mathcal{T}}N(t\cdot v)},\simeq 1-\in\frac{d}{dt}\log\frac{\sigma_{N+1}}{\sigma_{N}}+O(\in^{2})$, (4.20)
. , $yarrow 1-\in y$ , $\inarrow 0$ , PIII
PII . ,
, PIII PII .
, Pv $(2.25)-(2.27)$ . ,
$tarrow\in-3(1+2\in^{2}t)$ , $yarrow-1+2\in y$ , $4v= \frac{1}{2}\mathcal{E}^{-3}+N+1$ , (4.21)
$\inarrow 0$ . , ,
$\mathrm{p}_{\mathrm{I}\mathrm{V}}$ , PIII , PII .
5
, PII, PIII, $\mathrm{P}_{\mathrm{I}\mathrm{V}}$ , Pv Schur . ,
, .
, $\mathrm{p}_{\mathrm{V}\mathrm{I}}$ .
, Pv , 4-reduction
, . , $q$- , [18]
Painlev\’e Painlev\’e , .
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